Abstract: In this paper, using the idea of integrator backstepping, a dynamic controller is designed for two-dimensional path maneuvering of underactuated marine craft. The geometric errors are explicitly considered in the design procedure and convergence to the path is guaranteed. The marine craft converges to the path at the expense of sacrificing the speed assignment task when the craft moves off the path. Moreover, the unactuated dynamics is demonstrated to be globally bounded. The effectiveness of the method is verified by performing simulations.
INTRODUCTION
In contrast to trajectory tracking, by removing temporal constraints, path following reduces the tracking problem to a subset of states. As shown in Aguiar et al. (2005) , it removes performance limitations for nonminimum phase systems. In marine applications, path following is referred to the task of forcing a marine vehicle to follow a geometric path without imposing a timing law on that. Inspired by Hauser and Hindman (1997) , in (Skjetne et al., 2005) the maneuvering problem is characterized as two distinct tasks; the geometric task and the dynamic task. The former is to catch the path and follow it, and the latter is to assign the desired speed to the craft.
Roughly speaking, path following for marine craft is solved using a guidance system that produces the desired heading angle to be tracked by the vessel so that the distance between the vessel and the path is minimized. In this respect, the guidance system provides a fully actuated configuration space for control of underactuation marine craft (UMC) by mapping a point to an angle. The geometric error to the path is portrayed either as the distance to the closest point on the path or as the distance to a moving point whose speed can be adjusted to avoid singularity in the control system.
In (Encarnacao et al., 2000) a nonlinear controller for curved path following of UMC is developed, which guarantees global asymptotic convergence to the path. Its drawback, arising from the Serret-Frenet frame which is located on the path at the closest point to the vehicle, is removed in Lapierre and Soetanto (2007) and Breivik and Fossen (2005) by introducing a frame that can freely moves along the path.
Based on the lookahead-based line-of-sight (LOS) guidance law, Børhaug and Pettersen (2005) and Fredriksen and Pettersen (2006) present a feedback linearizing controller with PD action for straight-line path following and waypoint tracking of UMC. They establish a lower bound on the LOS lookahead distance to render the cross-track error UGAS and ULES.
In Do and Pan (2003) , backstepping is used to develop a robust path-following controller for UMC where the sway velocity is bounded. Aguiar and Pascoal (2007) use backstepping for waypoint tracking of UMC in the presence of ocean currents. Pedone (2010) derives the desired yaw rate by computing the desired linear velocity components such that the path-following problem is solved asymptotically. Underactuation is taken into account when the desired velocities are derived although the sway dynamics is not analyzed. The surge speed is commanded manually; thus, a yaw controller is only designed. Fossen et al. (2003) proposes a dynamic controller for path following of UMC using the backstepping method. The stabilizing function for the sway dynamics emerges as a new state of the controller and global boundedness of the sway velocity is proven; but the convergence to the path is not analyzed. This paper builds on the achievements of the earlier paper by Fossen et al. (2003) and tries to enhance the result and proves globally asymptotic convergence to the path. In particular, the cross-track error, which is defined as the shortest distance between the marine craft and the path, plays a role in the marine craft's speed. More specifically, the forward speed changes according to the cross-track error and the vessel speeds up to catch the path faster when the geometric error is not zero. The speed depends on the geometric error through a nonlinear function to take the vessel's capabilities into consideration and avoid saturations. Stability analysis is presented based on the cascade-interconnected system theory; the cross-track is established to be uniformly globally asymptotically stable and the unactuated dynamics is globally bounded. We provide simulation to assess the proposed methodology.
PROBLEM STATEMENT
The paper deals with the problem of path maneuvering for underactuated surface marine craft. Particularly, a controller is designed such that the marine craft reaches and follows a desired path while it retains the speed as desired. As stated in Skjetne et al. (2004) , path maneuvering problem can be decomposed into two tasks:
• Geometric task in which the distance between the craft and the path is reduced.
• Dynamic task in which the speed of the craft tracks the desired speed.
Since the total velocity of underactuated marine craft is uncontrollable, the dynamic task is changed to make the the forward velocity track the desired speed profile. In the path-maneuvering problem, as moving on the path is more important than moving with the desired speed, the geometric task takes precedence over the dynamic task.
The aim of the paper is, specifically, to modify the forward speed of the marine craft according to the geometric errors so that the path manoeuvering problem is achieved. Hence, both geometric and dynamic tasks are coupled, which are usually done as two separated tasks.
This work focuses on straight-line paths. Using a switching logic, the work can be extended to waypoint tracking where a path is described by a set of points connected by straight-line segments.
MODEL OF SURFACE MARINE CRAFT
Consider the vehicle pose q = [p T , ψ] T where p = [x, y] T ∈ R 2 and ψ ∈ S is the yaw angle; ν = [u, v, r] T ∈ R 3 , where u and v are the linear velocities and r is the angular velocity expressed in the body-fixed reference frame {b}. Let J (ψ) = diag{R(ψ), 1} be the rotation matrix from {b} to the inertial reference frame, represented by {i}. The matrix R(ψ) is given by
According to Fossen (2011) , the dynamic equations are described byq
, and D b > 0. Homogeneous mass distribution and xz-plane symmetry are presumed, and the surge dynamics is assumed to be decoupled from the sway-yaw dynamics; thus, the system matrices take the forms
where linear damping is assumed. Extension to encompass nonlinear damping forces is possible but this is outside the scope of this paper.
T represents the vector of generalized forces acting on the system expressed in {b} and captures forces and moments due to actuators as well as due to external disturbances. τ u is a function of the forward thrust, denoted T , and τ r depends on the rudder deflection, denoted δ. Underactuated marine craft lack an independent actuator for sway dynamics. However, the rudder deflection may produce force in sway direction and affects the sway dynamics; therefore, it is realized that:
Denoting σ = b2 b3 and under no external disturbances, it indicates that
Contrary to wheeled robots that own a strict nonholonomic constraint at the velocity level for the lateral motion, underactuated surface marine craft possess a secondorder nonholonomic constraint (Wichlund et al., 1995) ; it turns out that the orientation of a surface marine craft is not necessarily tangent to the path that is traveled by the craft. In other words, the heading angle ψ may be different from the course angle χ (see Fig. 1 ). The difference is called the sideslip angle and denoted β. It is given by
Nonzero sideslip angle happens, for instance, in the presence of ocean currents. Thus, stability of the unactuated dynamics is vital.
GUIDANCE SYSTEM
The goal of the guidance system is to provide the desired heading so that the vessel moves toward the path smoothly and follows it. Actually, the guidance system maps the desired position on the path onto the desired heading angle. In this paper, the line-of-sight (LOS) guidance system is employed. Consider a straight-line path connecting two points p k and p k+1 whose slope is represented by ψ k ∈ S. Also, consider a path-fixed reference frame, denoted {p}, that originates at p k and its x-axis has been rotated a positive angle ψ k .
Let p los = [x los , y los ]
T be the desired point on the path that the vessel has to reach at each time instant. The LOS vector is the vector from p, the position of the craft, to p los . The LOS angle is then defined as the angle that the LOS vector makes with the x-axis of {i}. This is the angle that guides the marine craft toward the path.
To find the LOS point, p los , a lookahead-based steering method according to Fossen (2011) is employed, in which p los is a point on the straight-line path which is located a lookahead distance ∆ > 0 ahead of the direct projection of p onto the path; see Fig. 1 . Therefore, the LOS angle is computed by:
where the relative angle ψ r ∈ [−π/2, π/2] is found such that the vessel is directed toward p los . It is given by:
In (6), e(t) denotes the cross-track error whose magnitude is the length of the perpendicular to the path starting from Fig. 1 . Geometric representation of the path-following problem.
p; see Fig. 1 
In fact, ε represents the error vector between the vessel and p k expressed in {p k }.
In case the path is made up of n waypoints, represented by p i for i = {1, · · · , n}, the straight line connecting each two successive waypoints is recognized as the desired path. Suppose p k and p k+1 denote the active waypoints and s k denotes the along-track error between them expressed in {p k }. The following switching logic is utilized to change the active waypoints:
use p k+1 and p k+2 as the active waypoints. where L > 0 is a predetermined value. Another alternative is the concept of circle of acceptance in enclosure-based steering strategies, used in Fossen et al. (2003) , and is more computationally expensive.
PROBLEM FORMULATION
As stated in Section 2, the primary objective is to catch the path and follow it, which is termed the geometric task. It is formulated as lim t→∞ e(t) = 0 (8a)
It is desired that the vessel converges to the path smoothly; so, the heading angle has to track a desired angle; that is: lim
The secondary objective, called the dynamic task, is that the surge speed tracks the desired speed profile u * d (t) > 0 ∀t and is stated as: lim
By the secondary objective, we mean that the dynamic task can be temporarily sacrificed so as to have the main objective perfectly satisfied. Furthermore, the unactuated sway dynamics must be globally bounded:
The desired heading angle in (8b) is selected as ψ d = ψ los (9) Equation (9) implies that the marine craft follows the LOS angle and the x-axis of {b} is to be aligned with the LOS vector. Another possibility is to align the total speed vector with the LOS vector; i.e. χ d = ψ los . In this case,
In this paper, we intend to figure out the conditions under which Problem 1 is solvable. Problem 1. Consider underactuated marine craft described by (2). Find an appropriate function f (e) such that choosing u * d (t, e) = u d (t)+f (e), the path maneuvering problem characterized by the objectives (8) is achieved.
CONTROL DESIGN METHOD
Inspired by Fossen et al. (2003) , the integrator backstepping idea is utilized to develop a control system so that the objective set (8) is achieved.
Design Procedure: Backstepping
Define the error signal z 0 ∈ S and z ∈ R 3 according to 
whereψ d can be found by proper filtering of ψ d or analytically. In addition, we have
and differentiate it in time, which yields:
T which is equal to T is globally bounded.
As for underactuated marine craft, it is not possible to assign all three elements of τ b = τ c . It is only viable to prescribe values for the surge force τ u and the yaw moment τ r ; i.e. τ u = τ 1 and τ r = τ 3 . Let K = diag{k 1 , k 2 , k 3 }. Thus, we obtain
Since lim t→∞ z 1 = 0, it is ensured that lim t→∞ u = α 1 . Then, one may choose α 1 = u d + f (e) (14d) As for the path maneuvering scenario, the objective is lim t→∞ u = u d . Therefore, we make the following assumption. Assumption 1. The continuous, smooth function f (e) satisfies 0 ≤ f (e) ≤ γ such that f (0) = 0 and max t (u d + γ) ≤ u max where u max is the maximum attainable forward speed.
The following assumption is necessary for controllability of the system. Assumption 2. The desired speed is lower bounded by a positive value u min ; i.e. u d ≥ u min > 0, ∀t.
Underactuation makes it impossible to assign τ 2 to τ v . However, the stabilizing function α 2 can be regarded as a degree of freedom to cope with this problem. In view of (4), if τ 2 = στ r , the following dynamic equation emerges: (14e), the value of α 2 is computed and the design is complete. Note that since lim t→∞ z 2 = 0, it is ensured that lim t→∞ v = α 2 . Therefore, α 2 plays a key role. Before stating the main result, we make the following assumption. Assumption 3. The craft satisfiesm 22 > 0 andd 22 > 0.
Main Result
Theorem 1 formalizes the result. Theorem 1. Under Assumption 1-3, Problem 1 is solvable. Specifically, there exists a ∆ * > 0 such that for any ∆ > ∆ * , the application of the controller (14) to the underactuated marine craft ensures achievement of the objectives (8).
Proof. Clearly, the closed-loop equations are given by:
T . For k 0 > 0 and K > 0, by standard Lyapunov analysis akin to the previous subsection, ζ is established to be globally exponentially stable (GES) and globally bounded. Therefore, the objective (8b) is achieved. Moreover, the objective (8c) will be accomplished if (8a) is obtained since f (e) → 0 if e → 0. Therefore, it is required to prove that e is globally asymptotically stable at zero. In what follows, we shows that (e, α 2 ) → 0 as t → ∞. It completes the proof since v asymptotically converges to α 2 and the objective (8d) is then attained.
According to (7),ε = R(ψ−ψ k )υ where υ = [u, v] T . Thus, the dynamics of the cross-track error can be written aṡ e = u sin(ψ − ψ k ) + v cos(ψ − ψ k ) (17) In view of (10a) and (5), ψ − ψ k = z 0 + ψ r . We expand sin(ψ − ψ k ) and cos(ψ − ψ k ), and write it as:
Notice that sin(z0) z0 and cos(z0)−1 z0
are well-defined functions and globally bounded. According to (6), we have sin(ψ r ) = −e √ e 2 + ∆ 2 , cos(ψ r ) = ∆ √ e 2 + ∆ 2 Substituting u = z 1 + u d + f (e) and v = z 2 + α 2 in (17) yields:
The function g e (e, α 2 , ζ) can be found by inspection, and it is established that g e (e, α 2 , ζ) grows linearly with respect to [e, α 2 ] T ; that is
where ρ e,i ( ζ ) : R ≥0 → R ≥0 for i = 1, 2. Similarly, (14e) is cast as a function of e, α 2 and the error vector ζ. We need to utilizeα 3 =ψ d − k 0ż0 . Aṡ
the functionψ d depends ofë, which complicates analysis. To facilitate the system under study, we propose the following state transformation
Then, we will obtain
21) It is now required to rewrite (18) in terms ofᾱ 2 :
where m e = 1 − ∆ ∆ 2 +e 2 cos(z 0 + ψ r ). Now, we replace u, v, and r with their equivalents in terms of ζ, e andᾱ 2 and recast (21). With this aim in view, we can writē (21) is recast as
wherem ψ =d 23 +m 13 (u d + f (e)) and
g e (e,ᾱ 2 , ζ))ζ
It is straightforward to verify that gᾱ 2 (e,ᾱ 2 , ζ) grows linearly with respect to [e, α 2 ] T . We need to show that the system which is described by (16) and (22) is uniformly globally asymptotically stable (UGAS). To this end, we intend to deploy the concept of stability of cascadeinterconnected systems. Therefore, the dynamic system described by (22) is regarded as a nonlinear system which is perturbed by the linear autonomous system (16) through the interacting terms gᾱ 2 (e,ᾱ 2 , ζ)ζ and g e (e,ᾱ 2 , ζ)ζ.
To prove that the origin of the cascade (16) and (22) is UGAS, according to (Loria and Panteley, 2005 , Theorem 1), it is required to verify three conditions. First, the trajectories of (16) must be globally bounded and there must exist a class K function θ(·) such that for all t ≥ 0, the trajectories of (16) satisfies
The system (16) meets the condition as it is GES. Second, the coupling term [g e (e,ᾱ 2 , ζ), gᾱ 2 (e,ᾱ 2 , ζ)]
T must grow linearly with respect to [e,ᾱ 2 ]
T . As we have already discussed, this condition is satisfied.
The third requirement is that the system (22) evaluated at ζ = 0 must be UGAS such that there exist c 1 , c 2 > 0 and η > 0 and a radially unbounded, positive definite Lyapunov function V (t, x 1 ), where
To verify the third condition, we require these inequalities:
wherem ψ,max d 23 +m 13 u max . Assume ∆ > such that m e > 0, ∀t. Then, m e is upper bounded as m e < 2. We choose
which is positive definite and radially unbounded. Differentiating in time yieldṡ
Therefore, it leads tȯ
in which we have used the fact that
in which p > 0, and complete the square including the first two terms of the upper bound ofV :
Therefore, the problem of proving UGAS reduces to choose ∆ such that
It requires that
⇒ m e ∆ >m ψ,max
Denoting the right-hand side by µ (i.e. µ =m 
such that, ∀∆ > ∆ * , the inequality (26) holds; consequently, the system (22) evaluated at ζ = 0 is UGAS with a Lyapunov function that satisfies (24). Finally, one concludes that e,ᾱ 2 → 0 as t → ∞. Accordingly, α 2 , v → 0 asymptotically. Hence, the objectives (8) are accomplished.
A possible choice for f (e) that fulfills Assumption 1 is
where γ 1 and γ 2 are positive real values.
SIMULATION RESULTS
The nonlinear model of 3 DOF AUV according to (Fossen et al., 2003) is used to evaluate the performance of the proposed controller. The AUV is unactuated in sway. It is assumed that the yaw moment generates a pure rotational moment and it does not produce a sway force; therefore, σ = 0. The maximum propeller thrust is 10 N which makes the AUV move at a speed of 4.5 m/s in calm water. The rudder deflection saturates at 30
• . Actuator dynamics is approximated by a first-order transfer function. This system is described by a simplified model according to (2) which is used for designing the controller.
The AUV follows a path described by a set of waypoints. The function f (e) is chosen as (28) where 
CONCLUSIONS
The paper employs the recursive method of backstepping to derive a path-following controller for underactuated marine craft. By incorporating the geometric errors, the dynamic task of path maneuvering is sacrificed so as to the geometric task is achieved faster. The approach can be extended to curved and parameterized paths.
